Abstract-An induction heating appliance designed to uniformly heat up metallic plates is studied in this paper. It consists of one planar inductor with two concentric coils attached to a mechanism, which allows moving the inductor under the plate while heating. This system is a possible solution for the growing concept of flexible induction cooking hobs, improving their performance in flexibility and in thermal distribution in the pans. With different combinations of motion and the selective activation of the inductor coils, any pan can be uniformly heated regardless its size or position on the hob. In this paper, we develop a thermal model to analyze the temperature distribution obtained in the pans for each diameter and strategy used. The model is solved using finite differences, and it is validated with experimental measurements. From the calculations, the best strategy for each pan diameter is obtained.
I. INTRODUCTION
T HE induction technology has recently achieved high relevance in different heating applications due to its multiple advantages with respect to other conventional heating methods. The most extended usage takes place in the industrial thermal treatment of metallic bars or sheets, in which high power transmission with high efficiency is required. However, the induction heating is also used in domestic applications, mainly in cooking hobs, which have significantly evolved during the last years [1] .
The last tendency in the current development of induction hobs is to provide to the cooktops with high flexibility regarding the position, shape, and size of the pans while obtaining a uniform heating of the pan's base. The main existing solutions ( small coils distributed beneath the hob and supplied by different configurations of multiload power converters [2] . Once the user has placed the pan on the hob, the shape of the cooking zone is adapted to achieve a proper heating, by means of a selective activation of the inductors. However, these solutions need a high number of inductors to ensure a good performance in flexibility, which leads to more complex inverter stages and involves higher costs. Moreover, small windings are less efficient, and the mutual magnetic coupling among inductors may cause the inverter block malfunctioning [3] . As well as flexibility, the users of domestic induction hobs also demand a uniform heating of the pan, especially in certain types of cooking such as griddle. When a high thermal heterogeneity appears at the bottom of the pan, the food may be overcooked in some zones but raw in others. A similar problem also appears in certain industrial applications of induction heating, where high temperature gradients can originate cracks or other defects in the workpiece due to an irregular thermal deformation. In order to prevent this problem, some authors have proposed different solutions: with an optimal inductor design method [4] or different control methods of the power inverters in multicoil devices [5] - [7] , the eddy current distribution induced in the workpiece is adapted to generate a homogeneous temperature distribution. Again, these proposals require using multiload inverters and a high number of coils, which affects negatively the cost and efficiency. As an alternative, the generic idea of employing mobile inductors to reduce the number of heating elements while increasing the flexibility appeared some years ago in several patents (e.g., in [8] ). In this paper, an induction heating system with a doublecoil inductor with concentric windings is proposed, attached to a mechanism which allows us to change the position of the heating element beneath the hob surface. With the combination of different motion strategies and the selective activation of the inductor rings, the power distribution generated in the workpiece can be controlled in order to ensure a homogeneous heating. This solution with only one inductor and a simple double half-bridge resonant inverter is a cost-effective alternative to the current multiwinding solutions, since less materials and components are needed for a good performance. To study this solution, a theoretical model of the heating process of metallic plates is proposed. With the model, the temperature distributions obtained using different heating strategies are calculated. Thus, we determine those with which the best temperature distribution is obtained in the most common pans. The model is numerically solved using a finite difference method, which is faster than the finite element computation that other authors use [9] , and gives accurate results. The calculations are validated with several experiments in a prototype. With respect to our preliminary work [10] , this paper gives an extended model for the 2-D thermal problem and a theoretical analysis of the performance of our mobile double-inductor solution. This paper is organized as follows. The system proposed with a double coil, an electronics power stage, and a motion system is described in Section II. A theoretical model of the induction heating process of a plate with a given power distribution is presented in Section III. The experimental validation of the thermal model is explained in Section IV. The heating performance analysis of the solution proposed, with theoretical calculations, is presented in Section V. Finally, the main conclusion is presented in Section VI.
II. MOBILE DOUBLE-COIL INDUCTION HEATING APPLIANCE
The system proposed in this paper consists one circular inductor attached to a mechanism which allows us to place the heating element in any position beneath the hob surface. The objective of this flexible cooking zone is to achieve a homogeneous thermal distribution when heating the most common pans (with round shape), preserving the heating efficiency as much as possible. In order to heat properly most of the pan diameters with a single mobile heating element, we propose a double-coil inductor, with two concentric windings that are fed independently. The proposed dimensions are 0.1 m for the internal ring and 0.15 m for the external ring. Combining the activation of one or both rings with the motion, it is possible to heat up any pan regardless of its size. Moreover, by controlling the power generated with each coil, it is possible to adapt the power density distribution in the pan to improve the heating result [11] . The speed and radius of the trajectories are designed as well for each size and shape of the pan.
In this paper, the prototype shown in Fig. 3 is used, which is based on the presented concept. The system consists of the double inductor, fed by an induction electronics stage, plus a motion system. It is entirely controlled from a PC. The motion system is a two-axes positioning mechanism controlled by an industrial PLC, which is in charge of moving the inductor beneath the hob plane. It allows setting different trajectories and adjusting the motion speed as required. The power stage contains a double half-bridge series resonant inverter with two independent outputs, one for each winding [12] . The control of the power delivered by each ring of the inductor is carried out by setting the switching frequency to a constant value and by adjusting the duty cycle of the inverter in order to reach the set-point power [13] , [14] . The selected frequencies are 60 and 40 kHz for the internal and external rings, respectively, to avoid the audible intermodulation noise [15] . In order to ensure that the operation of the inverter is safe, the zero voltage switching condition is kept for high powers, and we test that the switching losses are unimportant when supplying low powers.
III. THEORETICAL MODEL OF TEMPERATURE DISTRIBUTION
The performance of a cooking appliance can be evaluated through the analysis of the uniformity of the temperature distribution obtained at the base of the pans during the heating process. The thermal distribution mainly depends on the power distribution generated in the pan, on the material properties, and on the geometry of the bottom of the pan. In order to study the performance of the solution proposed in this paper, we develop Moreover, it can be used to calculate the best heating strategy for each pan, with which a homogeneous heating is obtained, ensuring excellent cooking results.
Let a metallic disk be placed on a planar ceramic glass (Fig. 4) . The disk has radius R and thickness e. It is made of ferromagnetic steel with heat conductivity λ, specific heat capacity c pp , and density ρ p . A power distribution is generated with the induction heating device in the metallic disk. The glass between the inductor and the disk has thickness e g , specific heat capacity c pg , and density ρ g . The disk thickness is small with respect to the other dimensions, and thus, it is assumed that the heat conduction in the disk occurs only radially and azimuthally. The glass temperature is equal to the disk temperature at every point due to the negligible contact resistance. The air temperature T a is supposed to be constant, and the heat transfer by radiation is considered linear with the temperature. Hence, a loss coefficient h is defined, which includes convection and radiation heat flux at the upper side of the disk. This coefficient is estimated experimentally, and its value is assumed to be constant in the considered temperature range (25
The power generated in the disk by the induction heating system is treated as a volumetric heat flux inside the disk.
The thermal model is obtained from the heat equation
where the first term (P ) is the power distribution generated by induction. The second term is the heat flux of conduction, where ∇ 2 T is the Laplacian of the disk temperature (T ). The third term includes the heat losses due to convection and radiation at the upper side of the disk. The last term is the variation in time of the energy stored in the system (disk and glass); thus, the constant product ρc p is defined as
With these considerations and using a polar coordinate system from (1), the following differential equation is obtained:
and two boundary conditions are defined; in r = R, where the radial flux is equal to the heat losses
and in r = 0, where the radial flux is null because of the geometry of the problem
The loss coefficient in the disk border (h b ) is estimated experimentally.
In order to obtain a numerical approximation to the solution of the thermal problem, the explicit finite difference method [16] - [18] with (3)- (5) is used. The discrete grid shown in Fig. 4 is proposed, where the coordinates of each element (i, j) are defined by R i and φ j , the element sizes in the radial and azimuthal directions are ΔR and Δφ, and Δt is the time step. The temperature of each element T i,j,k for every instant k is the solution of the following equation system, where n and m are the number of elements in radial and azimuthal directions:
where the coefficients are obtained with
The volumetric power density heating each element at the instant k is P i,j,k . It can be obtained from the power density distribution Dp i,j,k in watts per square meter as
which is directly related with the eddy current density distribution induced in the material J i,j,k , given the electrical conductivity σ
Other authors have proposed different methods to calculate the current and power density distributions, e.g., using an impedance matrix [6] , [11] or with finite element computation of the electromagnetic problem [7] , [9] , [19] - [21] . In this paper, this last method is used for the calculation of the power density curve induced in a C-45 steel disk with a diameter of 0.1 m, using a circular inductor with the same size in a centered position, heating with a total power of 1 W. In this case, the power distribution is symmetrical with respect to the center of the disk and constant in the azimuthal direction [ Fig. 5(a) ]. To simplify the calculation of the power distribution in further situations with the mobile double-coil inductor, we consider that the shape of the distribution in the case of the single inductor can be extrapolated to the rest of the cases. Thus, an example of the calculated power density distribution generated in a C-45 steel disk with a diameter of 0.15 m, using a double-coil inductor with coils of diameters 0.1 and 0.15 m in a centered position, with a total heating power of 1 W, is shown in Fig. 5(b) . Moreover, in situations with the inductor placed in an off-center position, the edge effects are omitted for simplicity.
IV. MODEL VALIDATION
The model presented in the previous section is validated by comparison of the temperature distributions obtained from the theoretical calculations and from the experimental measurement in different heating processes, using the double-coil inductor in static position and also with motion.
The prototype presented previously (Fig. 3) is employed for heating C-45 ferromagnetic steel disks, which have a similar behavior to the base of most circular pans. The disks have diameters between 0.07 and 0.32 m, and 0.005 m thickness. They are placed over a ceramic glass with a thickness of 0.004 m, specific heat capacity of 800 W · s · kg At the left side, from bottom to top are shown the calculated power density distribution generated in the disk, the calculated temperatures, and the measured temperatures after 57 s. At the right side, the top plot shows the temperature profiles along a radius, and the bottom plot shows the temperature evolution on two points at different distances to the center.
As an example of the comparison between the calculations and the measurements, the results obtained with the internal coil of the inductor in two different situations are presented. Fig. 6 shows the results of the experimental measurement and the theoretical calculation of a heating process of a C-45 steel disk with a diameter of 0.1 m, placing the inductor in static position centered with the disk. The 3-D plots at the left side are, from bottom to top, the calculated power density distribution generated in the disk, the calculated temperatures, and the temperature distribution measured with the infrared camera, after 57 s applying 580 W. The plot at the top-right corner shows the measured and calculated temperature profiles along a radius of the disk after 57 s. The plot at the bottom-right corner shows the temperature evolution at the center of the disk and at a point that is 0.025 m from the center. The results show a good agreement between the experimental and theoretical data in the spatial distribution as well as in the temporal evolution of the temperature. On the other hand, Fig. 7 shows the results of heating a disk with a diameter of 0.2 m, with the inductor following a circular trajectory of 0.06 m of radius, with a speed of 1.11 rad/s, applying 1200 W during 108 s. Again, the model shows a good approximation of the spatial distribution calculation as well as of the temporal evolution. Thus, the model correctness can be confirmed. The small deviation between the theoretical calculation and the experimental measurement may be a consequence of the errors in the estimation of the power density distribution and also of the simplifications considered in the modeling.
V. THEORETICAL STUDY OF THE HEATING PERFORMANCE
The worst operation case in an induction cooktop is the preheating process applying a high power level, which is commonly employed by users to obtain a fast heating of the pan before adding the food. At the end of this process, when a maximum temperature of around 180
• C has been reached, the temperature distribution is more heterogeneous, due to the negligible effect of the heat diffusion through the base of the pan with respect to the heat generation.
As aforementioned, the performance in thermal distribution of the mobile double-coil heating appliance is analyzed using the theoretical model proposed. For this purpose, we simulate the preheating process of circular pans with diameters in the range of 0.05-0.32 m, using the heating strategies with the Fig. 7 . Comparison of calculated and measured temperatures after applying 1200 W during 108 s in a disk with a diameter of 0.2 m of C-45 steel, using a circular inductor of diameter 0.1 m, following a circular trajectory of radius 0.06 m and speed of 1.11 rad/s. At the left side, from bottom to top are shown the calculated power density distribution generated in the disk, the calculated temperatures, and the measured temperatures after 108 s. At the right side, the top plot shows the temperature profiles along a radius, and the bottom plot shows the temperature evolution on three points at different distances to the center.
TABLE I POWER DENSITY LEVELS
mobile inductor that were proposed previously (Fig. 2) . Then, the maximum temperature differences for each disk size and strategy are calculated. Thus, the best solution for each range of pan diameters is obtained, with which the temperature differences are lesser and a more uniform heating is achieved. The average power density used in the preheating process in induction cooking hobs is generally lower for big pans than for the small pans. Hence, we use three different average power densities for three ranges of disk diameters, shown in Table I .
The results obtained from the simulation of the strategies with the inductor placed in a static position, centered with the pan with one or both coils of the inductor activated, are shown in Fig. 8 . These strategies are proposed for the smallest pans, with diameters from 0.05 to 0.18 m. The plot shows the max- Fig. 8 . Maximum temperature differences calculated and measured in a preheating process of C-45 steel disks, using strategies with the double inductor in a static position centered with the disk, with one or both coils of the inductor activated. In the case of the activation of both coils, two different power divisions between coils have been considered, in the simulation and in the experiments. imum temperature differences, calculated and measured, when 180
• C is reached during the preheating process for different Fig. 9 . Maximum temperature differences calculated and measured in a preheating process of C-45 steel disks, using strategies with the double inductor following circular trajectories beneath the disk, with one or both coils of the inductor activated. In the case of the activation of both coils, two different power divisions between coils have been considered. disk sizes. From these results, the best activation strategy of the coils for each pan size can be derived, corresponding to that which produces the lowest temperature difference. Hence, for pan diameters between 0.05 and 0.12 m, the best strategy is the activation of the internal coil, and from 0.12 to 0.17 m, it is more suitable to activate both coils, generating the same amount of power with each one (power division between coils 50%/50%). With pans over 0.17 m, the heating of the central area of the base is more significant than in the peripheral area, obtaining higher temperature differences and therefore an unsuitable heating result. The simulation results in the case of heating strategies with the inductor describing circular trajectories beneath the pan, with one coil and with both coils activated, are presented in Fig. 9 . These strategies are proposed for medium-sized pans and the largest pans, with diameters from 0.16 to 0.32 m. The best heating strategy for each pan diameter can also be established from the calculation results. With a total coverage of the inductor (dashed line), the heating efficiency is maximum; however, with the smallest pan diameters, an overlap of the magnetic field occurs at the center of the base, which generates a hot spot and hence an uneven temperature distribution [ Fig. 10(a) ]. In order to obtain a more uniform thermal distribution, the trajectory radius can be selected for each pan, even if the inductor is partially uncovered during the heating process [ Fig. 10(b) ]. Therefore, pans with diameters between 0.16 and 0.24 m are heated with a more uniform thermal distribution with the internal coil and a circular motion, selecting an appropriate trajectory radius. The biggest pans, with diameters between 0.25 and 0.32 m, are heated more uniformly with both coils activated plus the motion. In this case, for diameters between 0.25 and 0.27 m, the results are improved if the internal ring generates a higher power than the external ring, e.g., with a power division between coils 65%/35%. 
VI. CONCLUSION
In this paper, an induction heating system with mobile inductors for domestic induction hobs has been presented. The evaluation of the flexible induction heating appliance with a mobile double-coil inductor has been carried out with a theoretical model of the heating process, as well as the study of optimal strategies combining inductors with different diameters and motion. Attending to the performance when heating up different pans of any size, we have proved that excellent results are obtained with the proposed solution. The temperature differences obtained from experimental measurements and theoretical calculations in several preheating processes of steel disks with different sizes are very low. Hence, in normal cooking conditions, the temperature homogeneity is ensured, obtaining a uniform cooking of the food. 
